Self-regulation of population dynamics in nutrient-rich (eutrophic) ecosystems has been a fascinating topic for decades in ecological literature. Simple theoretical models predict population oscillations of large amplitudes in such systems, those predictions often being at odds with reality. Plankton communities possess a particular combination of two important properties, making them unique among ecosystems with eutrophication. These are: (i) the existence of a pronounced spatial gradient of the prey growth rate (through light attenuation with depth) and (ii) the presence of fast-moving predator (zooplankton) capable of quick adjustment of grazing load in vertical direction throughout the whole habitat. Surprisingly, the interplay of those factors is rarely taken into account while analysing stability of nutrient-rich plankton communities. In this paper, we construct generic plankton models (based on integro-differential equations) incorporating the light attenuation in the water column as well as food-searching behaviour of zooplankton. We found that the interplay between the two factors would stabilize a system at low species densities even for an 'unlimited' nutrient stock (infinite system's carrying capacity). Different possible scenarios of stabilization have been found. Since both the vertical gradient of light and the active food search by zooplankton in the column are common characteristics of real plankton communities, we suggest that the obtained mechanism of self-regulation is rather generic in nature. We argue that taking into account this mechanism would be important for understanding the dynamics of nutrient-rich lowchlorophyll ocean systems as well as major causes of non-seasonal plankton blooms.
Introduction
Predator-prey interactions play a fundamental role in structuring behaviour of ecological communities in nature (May, 1974; Odum & Barrett, 2004; Begon et al., 2005) . In ecosystems with high nutrition supply for primary producers (eutrophic ecosystems), predator-prey interactions become especially important. As the matter of fact, a successful grazing control by predators would result in a stabilization of an ecosystem at low (compared to the potential carrying capacity of the system) species densities. On the contrary, inability of a predator to keep the prey density at low values would result in ecosystems' destabilization and occurrence of population outbreaks. Such outbreaks have been reported to occur in different ecosystems (e.g. Lessios et al., 1984; McClanahan et al., 2000; Irigoien et al., 2005) .
3 of 31 1997; Murdoch et al., 1998; de Roos et al., 1998; Jansen & Lloyd, 2000; Poggiale & Auger, 2004) . Plankton communities are highly heterogeneous in space. In particular, they possess a combination of two important properties, making them rather unique compared to other ecosystems with eutrophication. First, this implies the existence of pronounced vertical gradient in the algal growth. The light intensity is the primary factor limiting the photosynthesis in eutrophic waters and a typical profile of algal distribution exhibits high chlorophyll concentrations at the surface decreasing towards very low concentrations in deep layers (Raymont, 1980) . Second, the zooplankton, as predator, has high mobility in the vertical direction compared to low mobility in the horizontal direction. Such possibility of active vertical movement engenders complex foraging strategies enhancing zooplankton fitness. In particular, zooplankters are capable of quick adjustment of grazing load in vertical direction throughout the whole habitat (the entire euphotic zone of the column). It was observed that herbivorous often feed in layers with high food density and ignore layers with low food density (Boyd et al., 1980; Herman & Platt, 1983; Dagg et al., 1997; Morozov et al., 2008) . Surprisingly, the combination of the above key properties is rarely taken into account when analysing stability of nutrient-rich plankton communities.
In this paper, we study how the interplay between the spatial gradient in phytoplankton growth rate and active food-searching behaviour of zooplankton can stabilize a system with large nutrient load. To describe phytoplankton-zooplankton interactions, we implemented a combined approach by explicitly modelling vertical distribution of phytoplankton and considering spatial heterogeneity of zooplankton implicitly. Mathematically, the model is described by a system of integro-differential equations. We found that the interplay of the above two factors would facilitate control of primary production by herbivorous and result in system's stabilization even for an 'unlimited' nutrient stock (infinite system's carrying capacity). Stabilization takes place via different dynamical regimes within a large realistic parameter range. Since vertical gradient of light distribution as well as enhanced feeding of zooplankton at depths with high food abundance are typical properties of aquatic ecosystems, we claim that the obtained mechanism of stabilization would be generic for real plankton communities.
Model equations

Modelling framework
The generic model consists of two equations of prey-predator type describing interactions of phytoplankton and zooplankton in the euphotic zone of the water column
where P is the density of phytoplankton at a depth h,Z is the average over the column density of zooplankton, r is the growth rate of phytoplankton, f is the local functional response of zooplankton, D is the coefficient of vertical turbulent diffusion, m is the mortality of zooplankton and k is the food utilization coefficient. The quantity η describes the proportion of actively grazing feeders at a depth h (see explanations below).
In this paper, we do not model zooplankton vertical distribution explicitly. Instead, we describe zooplankton in terms of the integral population size (by considering the average over the column densitȳ Z ). The rational behind this approach is that the same zooplankton organisms usually do not dwell in fixed horizontal layers of the euphotic zone during long time periods (>1-2 h). There is a constant at University of Leicester on http://imammb.oxfordjournals.org Downloaded from exchange of zooplankters among surface and deep layers due to active vertical movement of individuals. Such a movement can be synchronized in time (e.g. diel vertical migration (DVM), see Bollens & Frost, 1989; Ohman, 1990) or it can take place via short-term unsynchronized migrations (e.g. Cottier et al., 2006; . In both cases, active vertical movement of zooplankton is a fast process compared to the rate of variation in phytoplankton biomass (1-2 days) and herbivorous can 'cover' the entire water column several times within this period. Note that some herbivorous even leave the euphotic zone and dwell part of the day at depths completely deprived of food (Besiktepe et al., 1998; Arashkevich et al., 2002) . As such, it would be incorrect to ascribe a particular individual to a fixed depth when considering a generic model. Note also that during their life cycle, organisms feeding in food-poor layers usually swap with those feeding in food-rich layers dozens of times. This fact allow us to consider that, on a long run, the total amount of the consumed food in the column is equally allocated among the grazers of the zooplankton population. Such amount of food, consumed per unit of time by the whole population, is obtained by averaging over column the local grazing rates ηZ f .
The choice of 'local' grazing term as ηZ f requires a more detailed explanation. The function f represents the local functional response which is further considered to be of Holling type II (Gentleman et al., 2003) . By local functional response, we understand the rate of consumption of food by an individual (or per biomass of zooplankton) at a given depth. The local grazing is computed by multiplying f by the quantity ηZ , which stands for the density of actively feeding zooplankton at the given depth, η being the portion of active grazers. It is well known that feeding of each organism has a cyclic nature and includes periods of food consumption (the active phase) and periods of digestion (the non-active phase) (see Leising et al., 2005 and the references therein). As such, to describe correctly vertical distribution in mortality rate of phytoplankton due to grazing by zooplankton, we need to know the spatial distribution of actively grazing zooplankton in the column. In this paper, we consider that vertical distribution of actively feeding zooplankton obeys the ideal free distribution, i.e. it follows vertical distribution of food (Giske et al., 1997; Lampert, 2005) . In other words, we suggest that η = P/P, whereP is the average over the column density of phytoplankton. For the local grazing term, we have
where α and β are positive coefficients characterizing the local functional response (Holling type II, we use hyperbolic parameterization, see Gentleman et al., 2003) . We do not take into account a possible time lag between the changes in profile of chlorophyll and the response of zooplankton to such changes. It is well known that a sufficiently large delay in a predator response can cause instability in predator-prey models (e.g. Arditi et al., 1977) . We should say, however, that a large delay in response of zooplankton to changes of chlorophyll profiles would not be realistic in real ecosystems. The point is that the change of vertical profile of phytoplankton takes from some days to a week while the active vertical displacement of zooplankton within 100 m layer takes 6-10 h (Bollens & Frost, 1989; Ohman, 1990; Cottier et al., 2006) . Some background for parameterization of the distribution of the actively grazing zooplankton can be found in field observations and experiments carried out in plankton towers. The point is that density of zooplankton is usually higher in layers with high food abundance and lower in food-poor layers (e.g. Boyd et al., 1980; Herman & Platt, 1983; Dagg et al., 1997; Morozov et al., 2008) . Vertical profiles close to the ideal free distribution have been reported in some experiments (Lampert et al., 2003; Lampert, 2005) . In Section 4, we also provide some evidence of ideal free distribution of herbivorous zooplankton based on our own data from the Fram Straight (Fig. 7) . We should admit that some observations show only week correlation between the density of herbivorous and that of food in the column. However, the crucial issue here is the existence of correlation between the distribution of food and the distribution of herbivorous in the active grazing phase. On the other hand, vertical distribution of animals in the active phase often does not follow the observed vertical distribution of zooplankton density. This is because a constant non-synchronous exchange of well-fed and hungry animals between the layers (Leising et al., 2005; Cottier et al., 2006; . For instance, in some layers organisms digest food thus not participating in grazing. Based on some recent observations , we shall assume that even in case when the observed actual zooplankton density does not follow the ideal free distribution, the distribution of animals in their active phase of feeding is close to this law. We discuss this issue in more detail in Section 4.
Note that in the current paper, most modelling results are obtained for the case when zooplankton does not perform DVM. This signifies that grazing pressure on algae does not change significantly throughout the day. However, we address briefly as well (see Section 4) the situation when zooplankters exhibit DVM thus spending a substantial part of the day in deep layers deprived of food.
To parameterize phytoplankton growth rate, we use logistic function r (1 − P/K ), where K is the carrying capacity. To avoid overloading the generic model (1-2) with details, we do not consider explicitly depletion of nutrients in the water. We take into account the shading of light in the water column resulting in heterogeneity of phytoplankton growth. Two major scenarios are considered. According to the first scenario, light attenuation is mostly due to absorption by water. This can be described via a standard way by multiplying the maximum algal growth rate by exp(−λh), where λ is the light absorption coefficient (Herman & Platt, 1983) . According to the second scenario, attenuation of light is mostly due to self-shading of phytoplankton in deep layers by phytoplankton of surface layers. This can be parameterized by multiplying the maximal algal growth rate by the multiplier exp(−ν B h ), where B h is the integral biomass of phytoplankton located between the water surface and depth h, ν is a positive coefficient (Herman & Platt, 1983; Vila et al., 1996) .
Construction of the models
To understand how the above two factors (i.e. the spatial gradient of primarily production and the active food-searching behaviour of herbivorous) might influence ecosystem's stability, we constructed a set of models based on the generic model (1-2). Different models are obtained by including (or neglecting) the two above factors. While modelling the light attenuation in the column, we separately considered two different scenarios: absorption of light by water and self-shading by algae. According to different possible combinations, there are six models in total.
In the simplest model, we neglect both the vertical heterogeneity in growth rate of phytoplankton as well as the active food searching of zooplankton (assuming η = const). Further, we shall refer to this model as the 'basic' model. The equations of the basic model are given by
Next model is obtained from the basic one by incorporating active food searching of zooplankton in the water column parameterized by the ideal free distribution (3) 
Other modifications of the basic model are obtained by incorporating into (4-5) the vertical gradient of phytoplankton growth rate. We arrive at the two following models which are different according to the primary cause of attenuation of light. System (8-9) describes the situation when light attenuation is mostly due to absorption by water
System (10-11) describes plankton dynamics in case the light attenuation is mostly the result of selfshading of light by algae
Note that in real ecosystems, both mechanisms of light attenuation can realize themselves simultaneously (Herman & Platt, 1983) . In this paper, we treat them separately on purpose. Such an approach allows us to distinguish mechanisms of regulation of predator-prey oscillations in case (i) gradient of resource for the prey is caused by an exogenous factor (independent of species interactions) or in case (ii) it is caused by an endogenous factor (self-regulation of prey growth). Finally, by adding active food-searching behaviour of predator into models (8-9) and (10-11), we arrive at the following two systems which contain both factors of self-regulation:
and 
All the above models should be equipped with appropriate boundary conditions. We consider that the fluxes of phytoplankton vanish at the surface (h = 0) and at the bottom of the euphotic zone (h = H ), i.e. P h (t, 0) = P h (t, H ) = 0. In most of cases, we take the initial vertical profile of phytoplankton as a homogeneous distribution. In this paper, the unit of plankton density is chosen as μg C l −1 . Based on the literature, we consider the following ranges for the systems' parameters. The maximum phytoplankton growth rate belongs to the range 0.1 < r 0 < 2 1/day (Edwards & Bridley, 1999) . The system's carrying capacity K is rather hard to be estimated. For instance, Franks (2001) considers a typical K to be around 50 μg C l −1 , however, this value provides only a rough estimate. In our paper, we vary the value of K within rather wide range of values. We also consider models with unlimited nutrient resource (formally, K = ∞) to analyse possibility of stabilization of such ecosystems. The coefficients describing the local functional response of zooplankton can be estimated as 0.01 < α < 0.3 1/μg C l −1 /day; 0.005 < β < 0.1 1/μg C l −1 (Hansen et al., 1997; Saiz & Calbert, 2007) . The attenuation constants γ and ν vary within the following rangers 0.005 < γ < 0.15 1/m and 0.0005 < ν < 0.005 1/(m μg C l −1 ) (Herman & Platt, 1983; Vila et al., 1996; Beckmann & Hense, 2007) . We consider the diffusion coefficient to be D = 1 m 2 /day which is in the agreement with the data (Beckmann & Hense, 2007) . The food utilization coefficient can be estimated as 0.25 < k < 0.5 (Edwards & Bridley, 1999) .
Results
The main purpose of this section is to follow the dynamics of the models across different levels of nutrient load. In particular, we are interested in the possibility of systems' stabilization for an unlimited nutrient stock (formally, for K = ∞). We have considered all models constructed in Section 2. The main result regarding possibility of stabilization of ecosystems with infinite carrying capacity is given in Table 1 . More detailed information about dynamics of each model is provided in the following subsections. For numerical simulations of the equations, we used the finite-difference method based on the implicit scheme. The integrals in the equations were computed based on the trapezoidal rule. We also checked the sensitivity of the results with respect to variation of the time-step and space-step and their values were chosen reasonably small.
Models with homogenous prey growth rate
Analytical treatment of models (4-5) and (6-7) (see Appendix A) as well as extensive numerical simulations show that both models exhibit the same behaviour after the transients die out. In particular, the phytoplankton distribution become homogeneous in space and the dynamics can be described by the classical Rosenzweig's model without space (Rosenzweig, 1971) . The bifurcation diagram is represented in Fig. 1 showing species densities for different values of carrying capacity. For small K (i.e. for m/(αk − βm) > K ), zooplankton cannot persist in the system. For larger K , zooplankton becomes capable of controlling phytoplankton growth (the homogeneous stationary state is a global attractor in the system). A further increase in K results in the appearance of a stable limit cycle (the diagram shows the minimal and maximal species densities along the cycle). The amplitude of the cycle grows with K and for K → ∞, we have min(P,Z ) →0, max(P,Z ) → ∞. In other words, grazing of zooplankton alone cannot stabilize a nutrient-rich system (1-2) in case the growth rate of primary producers is homogeneous in space. 
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6. The homogeneous stationary density of phytoplankton in (4-5) and (6-7) is determined by
Although this stationary solution is unstable for large K , it provides an important characteristic scale of algal densities, which we might expect to have in the other models in case of a successful stabilization. In particular, we shall consider that an ecosystem with enrichment becomes stabilized in case:
the maximum algal density in the column is of the same order of magnitude as P 0 in the basic model.
Models including spatial gradient of prey growth rate and neglecting food-searching behaviour of herbivorous
Let us start with model (8-9) where the spatial gradient of primary production is caused by absorption by water, i.e. it is population independent. A typical bifurcation diagram (see Fig. 2A ) represents the spaceaverage stationary densities of plankton in the column plotted versus the carrying capacity. Figure 2A shows a monotonous increase of both phytoplankton and zooplankton densities with an increase in K . Such increase is unbounded, i.e. for K → ∞, we haveP,Z → ∞. The stability of the stationary state remains for any finite K . The corresponding stationary profiles of phytoplankton are shown in Fig. 2B for different K . One can see that the maximum phytoplankton density P(0) is of the same order as the carrying capacity. Note also that the heterogeneous stationary state is not the only attractor in the system. For large K , a stable limit cycle appears (via a subcritical Hopf bifurcation) and the two attractors coexist in the system, each of them having a basin of attraction. For the considered parameters, a subcritical Hopf bifurcation occurs for K ≈1200. To be attracted by the heterogeneous stationary state, the initial distribution of phytoplankton should be close to that of stationary solution. The amplitude of the limit cycle is of the order the carrying capacity and tends to infinity for K → ∞. Analytical treatment of the system for K = ∞ as well as numerical simulation (see Appendix B) show that the stationary non-homogeneous solution, characterized by low plankton density (max(P(h)) ∼ P 0 ), is unstable. Let us consider now model (10-11) where gradient of growth rate of phytoplankton is due to an endogenous process, implying species-mediated self-regulation. The bifurcation diagram, showing behaviour of the system for a gradual increase in K , is represented in Fig. 2C . Enrichment of the ecosystem leads to a monotonous increase in phytoplankton biomass and to a slow decrease in the biomass of zooplankton. Analytical treatment of the system for K = ∞ (see Appendix B) as well as numerical simulation show that the stationary profile of phytoplankton, characterized by low algal density (max(P(h)) ∼ P 0 ), is unstable. On the other hand, simulation shows that the increase in the average densityP with K becomes saturated and the system exhibits self-regulation for K = ∞ via a stable heterogeneous solution with P(0) >> P 0 . Such situation is demonstrated in Fig. 2D , showing stationary profiles of zooplankton for different carrying capacities. Note that the phytoplankton density at the surface in this case becomes pathologically high and the condition of stabilization max(P(h)) ∼ P 0 is not satisfied. Another drawback of such 'stabilization' is that it is sensitive to the intensity of vertical mixing. In particular, a gradual decrease in vertical mixing would result in an unlimited increase of phytoplankton density, i.e. for D → 0, we have P(0) → ∞. As such, we shall not consider that system (10-11) exhibits stabilization for K = ∞, even if its trajectories are formally bounded.
Models including both spatial gradient of prey growth rate and food-searching behaviour herbivorous
We start with model (12-13) where a density-independent gradient of prey growth rate is combined with active food searching by herbivorous. The system's behaviour across eutrophication levels is determined by the magnitude of such gradient. For small values of the coefficient of light attenuation γ , the behaviour of (12-13) does not differ from that of the basic model showing unbounded oscillations for K = ∞. This situation is shown in Fig. 3A plotted for γ = 0.01. In case γ is supercritical (see Fig. 3B , γ = 0.05), the system becomes stabilized by the predator for any K > m/(αk − βm). Interestingly enough, herbivorous become capable of stabilizing the system for unlimited resource of nutrient, i.e. for K = ∞. The vertical profiles of phytoplankton are shown in Fig. 3C for different K . One can see that for K = ∞, we have max(P(h)) ∼ P 0 . Differently from model (8-9), a decrease in vertical mixing D → 0 does not result in P(0) → ∞. An approximate expression for the profile of phytoplankton for K = ∞ and small D can be found in Appendix C.
To understand better the dependence of the behaviour of (12-13) on the parameters, we constructed a number of 2D bifurcation portraits. Some of them are represented in Fig. 4 , obtained for K = ∞. The diagrams were constructed by numerically solving (12-13). We considered two types of initial conditions: (i) homogeneous initial distribution of species (we varied the initial densities of species within a large range) and (ii) we considered first models with a finite-carrying capacity (with 50 < K < 200) and after the trajectory were near the system attractors, we 'removed' the carrying capacity in the system, by letting K = ∞. In the diagrams, we show schematically (by means of pseudo-phase portraits) the dynamical regimes, corresponding to the different parametric domains. Such portraits can be understood as sketches of dynamics in the plane of the total biomass of species. We found four possible regimes, which differ according to dynamical behaviour of the total biomass. Regime 1 is the one where all system trajectories tend to infinity. Regime 2 is characterized by the existence of a stable stationary state. However, this state is only locally stable and a supercritical perturbation of the state would cause the trajectory to go to infinity. In Regimes 3 and 4, the system possesses global attractors, which are a stable limit cycle (periodical motion) or stationary state, respectively. All trajectories will be eventually attracted by those stable limit sets. 
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From the bifurcations diagrams in Fig. 4 , one can conclude that system's stabilization (i.e. the existence of finite system's attractors) takes place within a large range of parameters and requires small values of half-saturation density β and large values of light attenuation coefficient γ . Parameter α (which gives the clearance rate of zooplankton at low food densities) has small influence on the system's stability. Another important observation is that for system's stabilization, the depth H of the water column should be supercritical: stabilization becomes impossible in shallow waters (this gives 30 m as an estimate for the critical depth). Finally, we should mention that an increase in maximal growth rate r 0 of phytoplankton results in shrinking of domains 3 and 4, corresponding to stabilization. This property makes the behaviour of model (12-13) more realistic compared to that of the basic model (4-5) in which variation of the growth rate of prey does not influence the stability properties of the model.
Let us consider now model (14-15) where the gradient of growth rate is regulated by speciesmediated self-regulation. The behaviour of the model largely depends on the coefficient of light attenuation. For a supercritical ν, the enrichment results in oscillations of species densities (see Fig. 5A , plotted for ν = 0.0001). However, differently from the basic model, the amplitude of oscillations remains bounded for K = ∞. In case ν is supercritical (see Fig. 5B , ν = 0.003), the system becomes stabilized by the predator for K = ∞ via a stable stationary state. The corresponding stationary vertical profiles of phytoplankton are shown in Fig. 5C for different K . One can see that plankton distributions only slightly vary with K and for K = ∞, we have max(P(h)) ∼ P 0 . An approximate expression for the profile of phytoplankton for K = ∞ and small D can be found in Appendix C.
We have constructed (numerically) a number of 2D bifurcations portraits for model (14-15) for K = ∞. Some of them are represented in Fig. 6 . The method of construction of the diagrams is similar to that of Fig. 4 . The dynamical regimes, corresponding to the different domains, are shown in the diagrams schematically by pseudo-phase portraits. Regime 1 is the one where all system trajectories will be eventually attracted by a stationary heterogeneous state. In Regime 2, all trajectories will be eventually attracted by a stable limit cycle. Regime 3 signifies the extinction of zooplankton and unbounded increase in phytoplankton biomass. Differently from model (12-13), model (14-15) always shows the existence of global finite attractors for K = ∞ in case zooplankton population does not go extinct. However, the absolute values of species densities can be pathologically high (P(0) >> P 0 ). Having this fact in mind, we hatched the domain satisfying the condition P(0)< ω P 0 (with ω = 5) that we defined as domains of system stabilization. In case of oscillations, we require the latter inequality to be satisfied through the whole cycle.
From the diagrams, one can conclude that stabilization takes place within a large range of realistic parameters and requires small values of half-saturation density β and large values of light attenuation coefficient ν. Parameter α has influence on the system stability only for small ν. The depth H of the water column should be supercritical to provide system's stabilization. We also found that an increase in maximal growth rate r 0 of phytoplankton would result in shrinking of domains of stabilization. Overall, we should say that compared to model (12-13), stabilization in (14-15) is more easily achieved, i.e. it takes place for larger domains in the parameter space. Note that in parametric diagrams in Fig. 4 (constructed for (12-13)), the condition P(0) < 5P 0 is satisfied inside all domains of stabilization 2, 3 and 4 except a small part of domain 3 laying close to domain 4.
Discussion
Nutrient-rich ecosystems are potentially unstable and spatial heterogeneity is suggested to provide additional stability to such ecosystems (Jansen, 1995; de Roos et al., 1998; Briggs & Hoopes, 2004;  at University of Leicester on June 22, 2010 http://imammb.oxfordjournals.org Downloaded from Morozov et al., 2007) . In this paper, we revisit the role of vertical heterogeneity on the stabilization of eutrophic plankton communities. Compared to other eutrophic ecosystems, plankton communities possess a unique combination of two properties: (i) a pronounced gradient of growth rate of primary producers and (ii) a high mobility of herbivorous within the whole zone of primary production. Surprisingly, despite the generality of the two above properties, their interplay is rarely taken into account when analysing stabilization of plankton systems via predator-prey interactions (but see Poggiale et al., 2008) .
In this paper, we show that although each of the above factors alone cannot stabilize the system at low species densities, their combination would result in a successful grazing control even for an unlimited nutrient supply (formally, for infinite carrying capacity, see Table 1 ). Stabilization in the models takes place both in case the gradient of prey growth rate is population independent (absorption of light by water) and when it is population dependant (self-shading by primary producers). We found that stabilization becomes possible within a large range of realistic model parameters (combining absorption of light by water with self-shading of algae makes the parametric domains of stabilization even larger). This fact allows us to hypothesize that the vertical heterogeneity plays a key role in regulation of oscillations real plankton eutrophic communities. In particular, our results could explain successful control of primary producers by herbivorous observed in nutrient-rich marine ecosystems. Note that inability of simple mean-field predator-prey models to describe the observed regulation of in real ecosystems is known in ecological literature as 'the paradox of enrichment' (Rosenzweig, 1971; Gilpin, 1972; Scheffer & de Boer, 1995; McCauley et al., 1999; see Roy & Chattopadhyay, 2007 for a review). Our paper would contribute to resolving this famous paradox.
Our results apply both to ecosystems with shallow waters (e.g. coastal ecosystems, shelf seas) and to ecosystems of deep waters (open ocean). In the latter case, we need to limit the depth of the water column H in the model by a certain value H 0 (the depth of euphotic zone) and not to consider the whole column from the surface to the bottom (the total ocean depth H B is about 4000 m on average). The choice of H 0 in models can be based on the fact that for H B > h > H 0 , the total amount of plankton becomes small compared to the amount of plankton in the euphotic zone 0< h < H 0 (e.g. <1%). Note that formally this definition does not 'work' in models where the algal growth is affected only by selfshading since models predict a hyperbolic increase of P, Z with depth (i.e. P, Z ∼ 1/h). In this case, the integral amount of plankton for H B > h > H 0 might not be small for large H B . This artefact can be removed by incorporating into the models (10-11) and (14-15) small absorption of light by water which is always present in the real ocean. Taking the smallest possible coefficient of water abortion γ = 0.003 1/m (Herman & Platt, 1983; Vila et al., 1996) gives an exponential decrease of plankton densities for large h in those models. H 0 can be estimated as 100-150 m and can be considered as the depth of the euphotic zone when modelling open ocean regions. Note that such perturbation of models (10-11) and (14-15) by including γ = 0 has only small influence on the behaviour in for 0 < h < H 0 .
Stabilization in the considered models requires an important assumption about the distribution of actively feeding zooplankton in the column (the ideal free distribution). Such assumption is based on large amount of field observations showing accumulation of zooplankton in food-rich layers. In this paper, we show one more illustrative example based on our field data collected in the Fram Strait in 2007 (R/V 'Jan Mayen'). Methods of sampling were the same as in Morozov et al. (2008) . The species under study was Calanus spp. (Calanus Finmarchicus), which is usually the dominant herbivorous species in the considered waters.
In Fig. 7A , we show the relative zooplankton densities Z i /Z in horizontal layers plotted versus the relative phytoplankton densities P i /P in the same layers obtained at six different stations. average species densities within a given layer i, i = 1, 2, 3). In a hypothetical case of the 'perfect' ideal free distribution without noise, the points would be located on the line with a unit slope. We performed a linear regression to estimate the correctness of the hypothesis about the ideal free distribution of grazers. We obtained that the slope of the fitting line (passing through the origin and shown in Fig. 7A) layer, we obtained that the points become rather close to the ideal free distribution (represented by the dotted line with the unit slope). This is shown in Fig. 7B .
For a typical station (see Fig. 7C ), we plotted together the relative species densities P i /P and Z i /Z for different copepodite stages (large Stages IV-VI) of Calanus spp. Different symbols in the figure denote different copepodite stages. The horizontal lines represent the relative proportion of chlorophyll in the layers. By open squares we show the average (over the stages) relative proportions of zooplankton in the layers. Figure 7D represents the vertical profile of chlorophyll for the same station as in Fig. 7C .
Based on Fig. 7A-D , one can see that the vertical distribution of zooplankton follows that of the food. This gives a certain background for the implementation of the ideal free distribution for the grazers. However, some deviations from the ideal free distribution law can be observed as well. We should say that in case such deviations are not too large, this would not affect our main modelling results on system's stabilization (see further explanation in the text).
Another interesting conclusion can be made based on the direct measurement of the gut content of zooplankton plotted versus the ambient density of food where the organisms have been collected (see Fig. 8 ). The absence of clear functional dependence between the gut fullness and the ambient food is mainly caused by high gut content in organisms of deeper layers compared to those of upper layers. This might signify that zooplankters migrate to deeper layers for digestion of the food they consumed in surface layers, thus major grazing occurs in food-rich surface layers. Note that this is rather typical situation in feeding of zooplankton (e.g. . Interestingly enough, the major outliers from the ideal free distribution in Fig. 7A , showing the largest zooplankton proportions for layers with intermediate food densities, correspond exactly to the points in Fig. 8 with anomalously high gut content (shown by triangles). As such, despite the fact that they have been collected in low food layers, we might need to ascribe those feeders to the layers with high food abundance since they had consumed their food in those layers. This signifies that the relative distribution of actively grazing zooplankton would be even closer to the ideal free distribution than that of the observed total density of zooplankton including altogether active grazers and animals digesting food. However, we should say that in practice, it is very hard to determine quantitatively which part of organisms, dwelling in a given FIG. 8 . Gut content of Calanus spp. measured in situ plotted versus the ambient chlorophyll density in layers where the organisms were caught. Different symbols denote the layers of collecting of organisms.
at University of Leicester on June 22, 2010 http://imammb.oxfordjournals.org Downloaded from layer, is digesting the food consumed in other layers and which part is actively grazing in this layer. We believe that this issue should be a topic of future detailed research.
Interestingly enough, to guarantee a successful grazing control in (12-13) and (14-15) for an unlimited nutrient resource, the ideal free distribution of feeders does not need to be really 'ideal'. In other words, in case deviation from this law does not exceed a certain critical level, zooplankton can successively suppress algal growth. To address this issue in more detail, we considered the same models, in case the ideal free distribution of feeders η = P/P is randomly disturbed. We analyse the following type of disturbance of η in space:
where ξ 1 and ξ 2 are independent random variables, ξ 1 is uniformly distributed over interval [−ε, ε] and ξ 2 is uniformly distributed over the unit interval. Thus, we consider the disturbance to be a spatially periodic multiplier with random amplitude and random phase. Parameter φ determines the spatial frequency of disturbance. We assumed that the disturbance of the distribution of feeders remains the same during T units of time. After this period expires, the disturbance changes according to (17) and remains the same during next T time units, etc. (the time steps used in the numerical methods were much smaller than T ). For a fix parameter set, we considered 100 realizations of random disturbance when running numerical simulations. The total time interval was taken to be T 0 = 3000 days. Note as well that for any realization of disturbance, the spatial average of η should be equal to 1 (thus, each time expression (17) should be divided by the corresponding normalization constant) Since the models with disturbance (17) contain large number parameters, we have limited our study to the case when the undisturbed system has a stable stationary state. We found that disturbance of η results in random oscillations in the vicinity of the stationary densities obtained with ε = 0 (i.e. for the 'true' ideal free distribution). We obtained that even for relatively large amplitudes of noise (until ε = 0.5) such random oscillations have small amplitudes. For example, we found that for model (14-15), the deviation from the stationary species densities does not exceed 10-20% (for 1 < T, 1 < φ < 5, ε = 0.5, other parameters are the same as in Fig. 5B ). This is rather encouraging result. For instance, one can see from Fig. 7A that ε can be estimated to be less than 0.5.
In our models, we considered the plankton ecosystems in case the grazing takes place throughout the day. This is a typical situation for high latitude systems during summer/winter time (BlackowiakSamolic et al., 2006; Daase et al., 2008) . Also, our models directly apply to zooplankton species which do not perform DVMs. However, there can be situation when some zooplankton species shows patterns of DVM by feeding in the euphotic zone only during night and dwelling the day time in deeper waters (Bollens & Frost, 1989; Ohman, 1990; Bollens et al., 1993) . In this case, zooplankton spends substantial part of the day away from the peak of phytoplankton concentrations. To address possible influence of DVM, we considered the scenario, when grazing of phytoplankton takes place only at night and the algal growth occurs only during day time. The growth of phytoplankton occurs only during day time (we considered the maximal algal growth rate r 0 during day time to be the twice of the night-day averaged values of r 0 used in previous models).
Model simulations show, however, that taking into DVM only slightly affects our previous results. In particular, the grazing control of algal growth with infinite carrying capacity in the system is still possible. The system attractors (stationary states an limit cycles) become slightly blurred due daily based periodical disturbance of the system. The stability domains in the parameter space shrink compared to the situation with no DVM. In case the gradient of growth rate is due to self-shading of algae (model (14-15) ), the decrease of size of stability domains is rather small (<5-10% of the previous size). In the at University of Leicester on June 22, 2010 http://imammb.oxfordjournals.org Downloaded from situation when the gradient of growth rate algae is due to absorption by water only (model (12-13)), the stabilization of the system with infinite carrying capacity requires larger values of parameter α (α >0.2). In other words, the maximal consumption rate of zooplankton should be grater to control the algal growth since grazing takes place only half of the day. Note that bifurcation diagrams giving plankton densities for different levels of eutrophication (different K ) are similar to those obtained for models without DVM, i.e. similar to Figs 3 and 5. However, in case of DVM, the models predict the daynight average plankton densities to be larger by the factor of 1.5-2 compared to the situation without DVM.
Our study predicts the existence of a generic mechanism of enhancement of grazing control in eutrophic plankton communities within a large range of realistic parameters. However, some references report a gradual increase of number of phytoplankton blooms related with intensification of eutrophication in waters (e.g. Glibert et al., 2005) . Does it signify a contradiction with the modelling results obtained? The point is that escaping of algae from the grazing control in real ecosystems can be done in a number of ways. For instance, large algal densities during of spring blooms can be explained by the absence of sufficient amount of zooplankton in the beginning of blooms (Raymont, 1980) . It was observed that sufficiently large amount of overwintered zooplankton might severely decrease the amplitude of a bloom (Ratkova et al., 1999) . On the other hand, non-seasonal blooms (HAB) are known to contain algal species which are normally avoided by grazers due to production of toxins and low nutrition values (Turriff et al., 1995; Turner & Tester, 1997) . HAB species usually constitute small amount in the total phytoplankton biomass during inter-bloom periods and triggering of a bloom starts by a sudden improvement of growth conditions for those species (Graneli et al., 1990; Hallegraeff et al., 2001) . The resulted blooming occurs in the absence of grazing (or characterized by low grazing) of HAB species by herbivorous (Huntley, 1982; Turner & Tester, 1997; Buskey, 2008) . Definitely, such situation requires a different modelling approach (e.g. Franks, 1997) . On the contrary, it is known that zooplankton consuming HABs phytoplankton is capable of stopping non-seasonal algal blooms (Smayda, 2008) .
While investigating the role of vertical heterogeneity in stabilization of plankton communities, we have limited our study to interactions of two trophic layers: primary producers and herbivorous. An important question is about the influence of high trophic levels on system regulation. This is especially true in case of algal growth is controlled by microzooplankton. It is accepted in the literature that the trophic pressure of microzooplankton might play a crucial role in regulation in nutrient-rich waters (Calbet & Landry, 2004) . On the other hand, microzooplankton often becomes important food source for mesozooplankton. Such predation is supposed to seriously weaken grazing pressure on phytoplankton thus leading to algal blooms (Irigoien et al., 2005 and the references therein). On the other hand, from theoretical analysis is known that high trophic level may enhance system's stability (e.g. Steele & Henderson, 1992; Fussmann & Heber, 2002) . Incorporation of high trophic layers in the generic framework (1-2), combining explicit and implicit spatial modelling approaches, would be an interesting question for a further investigation.
Finally, we should mention that in the current plankton literature, there exists a tendency to underestimate the impact of grazing in control of primarily production in nutrient-rich waters. It is believed that some other factors (e.g. iron limitation or limitation of light) would control the phytoplankton stock rather than zooplankton (Martin, 1992; Agusti & Duarte, 2000; Lancelot et al., 2000; Boyd, 2002) . Such statement is based on results obtained from: (i) mathematical models, (ii) experiments carried out in small mesocosms and (iii) in situ experiments on adding growth stimulators in natural waters. We should say, however, that much care should be taken when interpreting the above approaches. First, the previous models did not pay much attention to the interplay between vertical gradient of light and active food-searching behaviour of herbivorous in the column thus the results obtained might be erroneous. Second, experiments in small mesocosms cannot reproduce the interactions in the real vertical column in the ocean or deep lakes. In particular, our models predict a critical column depth for realization of successful grazing control (see Figs 4 and 6) . Finally, the fact that some experiments on fertilization of natural waters resulted in plankton bloom (e.g. Boyd, 2002) does not signify automatically that zooplankton had no control on phytoplankton before fertilization. Indeed, let us consider models (12-13) and (14-15) with K = ∞ for parameters where algal growth is suppressed by grazers. A supercritical increase of r 0 (which can be interpreted as adding growth stimulators) will result in a stability loss and a further outbreak of algal density. However, this would not signify, of course, that the initial system was not controlled by the grazers. Overall, we are not intended to deny the importance of bottom-up control (e.g. iron limitation) in nutrient-rich plankton communities by this work. However, based on our modelling results, we suggest that grazing would play a key role in controlling primary production in eutrophic waters.
integro-differential system with D = 0. Such approximation is given by a system of ordinary differential equations (ODEs) obtained by dividing the column into n equal horizontal layers with constant densities of plankton within each layer. It is easy to prove that the stationary solution of such system is determined by
where P i is the density of phytoplankton in the ith layer; the total number equations in the system is n + 1. Stability of the stationary state (B.6) of the discrete approximation can be determined via a standard way by linearization in the vicinity of the stationary state. Simple computation gives the following expression for the trace of the Jacobian matrix at the state:
It is easy to see that for any n, the trace is always possible and the stationary state is unstable. Model (6-7) with D = 0 can be considered as the limit for n → ∞ of the discrete approximation with ODEs. Since for any finite n the stationary state (B.6) is unstable, the stationary state (B.5) of the initial integro-differential system is also unstable. REMARK B1 One might implement a similar technique, i.e. replacing the initial intero-differential system with its finite approximation by a system of ODEs, to prove instability of the heterogeneous a stationary state of (6-7) in case D > 0. The idea is similar to that of implementation of the finitedifference method for solving partial differential equations. In particular, one can prove that a stationary state of (6-7), the one which tends to (B.4) for D → 0, is unstable for small D > 0. Here, we do not show a rigorous proof of the above statement since it is rather lengthy.
Note that numerical simulation of the full boundary problem (B.1-B.2) as well as system (6-7) shows that within the considered parameter range (which is determined at the end of Section 2), a weakmixing approximation gives correct results. In other words, we found that the approximate solution (B.5-B.6) is close to the one of the full boundary problem with D ∼ 1 and they coincide for D → 0. This solution (B.5) remains unstable for 1 > D > 0 all in the considered parameter range. Moreover, we found that no other stable stationary solution of (6-7) appears for 1 > D > 0.
Let us consider now the stationary solution of system (8-9). As in the previous case, we shall analyse the situation of week vertical mixing in the column. By neglecting the diffusion term in the equation of phytoplankton, we obtain
From the first equation, we have We differentiate both sides of this equation and obtain
By integrating (B.12), we get the stationary solution
where C is a constant of integration. To find the value of C, one need plug P(h) into (B.10). Note that as in the previous case, the stationary solution (B.12) exhibits a counterintuitive increase of phytoplankton density with depth. By implementing similar technique as for stability analysis of the state (B.5), one can prove that the stationary state (B.12) is unstable. The stationary solution of the full system (8-9), the one which tend to (B.12) for D → 0, conserves its instability for small D.
Analysis of the full model with D ∼ 1 (via numerical simulation) shows that within the considered parameters' range, the approximate solution (B.12) is close to the one of the full boundary problem it remains unstable. Note, however, that in the full boundary problem with diffusion there exists another stationary solution which is stable and characterized by high values of P in the vicinity of h = 0. In this case, we cannot neglect the diffusion term D P h . An example of such solution is shown in Fig. 2D . Note that the stable solution vanish while D →0 resulting in P(0)→ ∞.
Appendix C
Here, we construct the stationary (non-homogeneous) solutions of systems (10-11) and (12-13) in case K → ∞.
First, we consider the stationary solution of system (10-11). The stationary profile of phytoplankton and the stationary density of zooplankton are given by 0 = D ∂ 2 P ∂h 2 + r 0 exp(−γ h)P − 1 P α P 2 1 + β PZ , (C.1)
with the corresponding boundary conditions P h (0) = P h (H ) = 0. Obtaining the exact solution of boundary problem (C.1-C.2) is rather difficult matter. Here, we shall consider analytically the case when the diffusion term in is much smaller compared to the reaction terms (a weak-mixing approximation). Neglecting the diffusion term reduces the first equation to an algebraic one 0 = r 0 exp(−γ h) − 1 P α P 1 + β PZ . Numerical simulation shows that the weak-mixing approximation gives a solution which is close to the initial boundary problem (C.1-C.2) for D ∼ 1. This can be also verified by directly substituting (C.6) into (C.1) and comparing the reaction and diffusion terms (the diffusion term is much smaller than the reaction term). The maximal difference between approximation (C.3) and the solution of (C.1-C.2) arise in the vicinity of boundaries (the approximate solution does not satisfy the boundary conditions). Stability properties of the stationary solution of (10-11) were analysed numerically. Depending of the system parameters, the stationary solution can be both stable and unstable (for details see Section 3.3). Now, we construct stationary solution of system (12-13). As in the previous case, we shall consider analytically the week vertical mixing in the column. Neglecting the diffusion term gives 0 = r 0 exp −ν We differentiate both sides of this equation and obtain −ν P 2 (h)(1 + P(h)) = P (h).
(C.11) From (C.11), one can see that the stationary solution is a decreasing function of depth. By integrating (C.11), we get an implicit expression of the stationary profile of phytoplankton
where C is a constant of integration. In case, the constant of half saturation is large (β << 1), the stationary solution is given by the following equation: The constant C can be found by plugging (C.13) into (C.9). After some simplification, we obtain the following equation for C:
This is a transcendental equation and can be solved only numerically. Analysis of (C.14) shows that this equation has a unique positive solution within the considered parameter range. The stationary solution (C.13) is represented in Fig. C1 . In the graph, we also show the stationary solutions of the initial boundary problem (D = 1) constructed for different β (denoted by solid lines) along with their approximate solutions given by (C.12) and denoted by dotted lines. One can see that the approximate solutions describe well the stationary solution of (12-13). Stability properties of the stationary solution of (12-13) are analysed numerically. Depending of the system parameters, the stationary solution can be both stable and unstable (for details see Section 3.3). 
